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In the strong coupling limit, an effective resonant level model is derived for the spin-1 under-
screened Kondo impurity model. A local quantum critical behavior is induced by the formation of a
bound state with partially screened magnetic moment, displaying a residual Z2 symmetry, leading
to a δ-resonance at the Fermi level in the impurity spectral function. As a consequence, a logarith-
mic singularity appears in the real part of the impurity dynamic spin susceptibility as a function of
max(ω, T ), with ω as frequency, T temperature. A small magnetic field breaks this Z2 symmetry
and suppresses the singularity. We also discuss the possible manifestation of such a quantum critical
behavior in the spin-1/2 two Kondo impurity model and the single quantum dot system with even
electron occupation.
PACS numbers: 72.15.Qm, 75.20.Hr, 75.30.Mb
I. INTRODUCTION
The Kondo model was initially introduced to describe
the behavior of diluted magnetic impurities in metals,
and has been thoroughly studied in various aspects. Lo-
calized quantum impurities also serve as building blocks
of the heavy fermion materials, and there is still a strong
interest in studying Kondo model on the lattice, partic-
ularly in view of the breakdown of Fermi liquid behavior
due to incomplete Kondo screening close to a quantum
critical point [1], as discovered in a large class of f-electron
metals such as CeCu6−xAux[2] and YbRh2Si2[3].
Recently, special attention was paid to the study of
the underscreened Kondo problem which showed some
evidence of deviation from the standard Fermi liquid be-
havior [4]. This result was interpreted as due to anoma-
lous scattering of conduction electrons on a bound state
with remaining unscreened magnetic moment. Although
the large-N approaches using both spin-boson and spin-
fermion representations were developed [5, 6], there are
still some discrepancies between the obtained results.
The more rigorous treatments based on the Bethe ansatz
and numerical renormalization group (NRG) calculations
lead to a “singular” Fermi liquid behavior [7, 8], namely
a Fermi liquid fixed point with singular irrelevant correc-
tions. However, these insightful works [7] mainly focused
on the spinon phase shift and density of states, yielding
limited results. In order to investigate the local dynamic
singularity of the partially screened moment, we would
like to propose a simple approach to grasp the essen-
tial physics of the strong coupling fixed point, revealing
the origin of the singularity, and to explore the possible
manifestation of such a quantum critical behavior in the
spin-1/2 two Kondo impurity model and quantum dots
with even electron occupation.
The paper is organized as follows. In Sec. II, we
present our theory for the spin-1 underscreened Kondo
impurity model. With a pseudo-fermion representation
for the spin-1 operator, an effective resonant level model
is derived in the strong coupling mean field (MF) approx-
imation, and the static and dynamical properties of the
effective model are given in detail. In Sec. III, a similar
approach is proposed to treat the spin-1/2 two Kondo
impurity model. From the resulting effective resonant
level model, we identify that the two Kondo impurity
model shares the same singular behavior as the spin-1
underscreened Kondo impurity model for the low-energy
excitations. In Sec. IV, we also explore the possible real-
ization of the singular underscreened Kondo behavior in
a single quantum dot system with even number of elec-
trons. The conclusion of the paper is given in Sec.V.
II. EXPLORATION OF THE SPIN-1 KONDO
IMPURITY MODEL
The isotropic single Kondo impurity model is usually
defined as:
H =
∑
k,σ
ǫkC
†
k,σCk,σ +
J
2
(
S+C†↓C↑ + S
−C†↑C↓
)
+
J
2
Sz
(
C†↑C↑ − C†↓C↓
)
, (1)
where J > 0 corresponds to an antiferromagnetic cou-
pling. When the impurity spin S > 1/2, the strong cou-
pling limit corresponds to formation of a bound state
composed of the conduction electron and the magnetic
moment [9]. Such a bound state would have a resid-
ual degeneracy associated with the remanent magnetic
moment. It is believed that such a partially screened
quantum moment should induce a local quantum critical
behavior close to zero temperature [4].
2A. Pseudo-fermion representation for spin-1
operator
As the simplest case, we consider a spin-1 magnetic
impurity. Introducing a pseudo-fermion representation:
S+ =
√
2
(
d†0d−1 + d
†
1d0
)
,
S− =
√
2
(
d†−1d0 + d
†
0d1
)
,
Sz =
(
d†1d1 − d†−1d−1
)
, (2)
where d1, d0, d−1 correspond to the three components
of Sz = 1, 0,−1, respectively. To fix the quantum spin
magnitude of S2 = 2, we have to impose the constraint
d†1d1 + d
†
0d0 + d
†
−1d−1 = 1. (3)
Since the commutation relations are obeyed [S+, S−] =
2Sz and [Sz, S±] = ±S± forming an SU(2) Lie algebra,
this is a faithful representation of the quantum spin-1
operator. Then the model Hamiltonian can be expressed
as:
H =
∑
k,σ
ǫkC
†
k,σCk,σ −
J
2
(√
2d†1C↑ + d
†
0C↓
)(√
2C†↑d1 + C
†
↓d0
)
− J
2
(√
2d†−1C↓ + d
†
0C↑
)(√
2C†↓d−1 + C
†
↑d0
)
, (4)
where an irrelevant potential term has been neglected.
We emphasize that employing this pseudo-fermion rep-
resentation for the spin-1 moment is instrumental to ex-
plicitly reveal the residual symmetry of the bound state
formed in the strong coupling limit.
B. Effective resonant level model and impurity
spectral function
In analogy with the functional integral approach for
the spin-1/2 Kondo impurity model [10], a saddle point
approximation can be adopted by defining an effective
MF like variable:
〈
√
2d†1C↑ + d
†
0C↓〉 = 〈
√
2d†−1C↓ + d
†
0C↑〉 ≡ −
√
2V, (5)
where we assume the invariance of the low-energy excita-
tions under the transformations d1 ⇔ d−1 and C↑ ⇔ C↓.
An effective resonant level model is then derived:
Heff =
∑
k,σ
ǫkC
†
k,σCk,σ +
JV√
2N
∑
k,σ
(
C†
k,σd0 + h.c.
)
+
JV√
N
∑
k
(
C†
k,↑d1 + C
†
k,↓d−1 + h.c.
)
+λ
∑
α
d†αdα + 2JV
2 − λ, (6)
where the constraint has been implemented by a La-
grange multiplier λ. In the effective resonant level model,
d†1|0〉 hybridizes with the spin-up electrons, d†−1|0〉 with
the spin-down electrons, while d†0|0〉 hybridizes with both
spin-up and -down electrons. Then the effective resonant
level displays a Z2 symmetry describing the invariance
of the model under the transformations d1 ⇔ d−1 and
C↑ ⇔ C↓, i.e., an Ising symmetry. This property reflects
the residual symmetry of the bound state in the strong
coupling limit and the quantum nature of the partially
screened moment.
Introducing a Nambu spinor to denote the impurity
triplet state φ† =
(
d†1, d
†
0, d
†
−1
)
, we can derive the impu-
rity retarded Green’s function (GF) matrix as
Ĝd(ω) =
 ω − λ+ iΓ iΓ/√2 0iΓ/√2 ω − λ+ iΓ iΓ/√2
0 iΓ/
√
2 ω − λ+ iΓ
−1 ,
where Γ = πρf (JV )
2 is a hybridization integral between
the magnetic moment and the conduction electrons. The
diagonal retarded GF is then derived,
G1(ω) =
(ω − λ+ iΓ) (ω − λ+ iΓ) + Γ/2
(ω − λ) (ω − λ+ iΓ) (ω − λ+ i2Γ) ,
G0(ω) =
(ω − λ+ iΓ)
(ω − λ) (ω − λ+ i2Γ) ,
G−1(ω) = G1(ω), (7)
and non-zero off-diagonal retarded GFs are all equal to
G1,0(ω) =
−iΓ/√2
(ω − λ) (ω − λ+ i2Γ) . (8)
By summing up the imaginary parts of the diagonal GFs,
the impurity spectral function can thus be obtained
Ad(ω) = δ (ω − λ)+ 1
π
[
Γ
(ω − λ)2 + Γ2 +
2Γ
(ω − λ)2 + 4Γ2
]
,
where an essential feature of the effective model has been
displayed: two Lorentzian resonances are exhibited at
ω = λ with half widths Γ and 2Γ, respectively; what
is more, a sharp δ-resonance appears at ω = λ. Unlike
the two-channel spin-1/2 single Kondo impurity model,
where partial impurity degrees of freedom decouple from
3the conduction electrons leading to a zero fermionic mode
[11], all three components of the moment here are coupled
to the conduction electrons, and a sharp δ-resonance is
induced by the remanent Z2 Ising symmetry of the bound
state. Using the spectral function, the impurity contri-
bution to the free energy can be evaluated
δF = − 1
π
∫ D
−D
dωnf (ω)
[
π
2
sgn(ω − λ) + tan−1
(
Γ
λ− ω
)
+ tan−1
(
2Γ
λ− ω
)]
+ 2JV 2 − λ, (9)
where nf(ω) = (e
βω + 1)−1 is the Fermi distribution
function. At T = 0, the saddle point solution leads
to λ ≈ 0, indicating that the sharp δ- resonance and
two Lorentzian resonances lie at the Fermi level with
Γ ≈ D exp
(
− 2
3ρfJ
)
, where D is the half conduction elec-
tron bandwidth.
The contribution to the impurity entropy can be cal-
culated using the relation S = − (∂F/∂T ). At T = 0, we
find that Simp = −kB ln 2, implying that the magnetic
moment has been partially screened by the conduction
electrons. The total impurity entropy down to T = 0
will be ∆Simp = kB ln(3/2), being consistent with the
exact result [12]. However, the impurity contribution to
the specific heat is still linear in temperature, in spite of
the δ-resonance appearing in the impurity spectral func-
tion at the Fermi level.
C. Dynamic spin susceptibilities and scattering
T-matrices
To fully reveal the singularity in the effective resonant
level model, we calculate the dynamic impurity spin cor-
relation functions at finite temperatures. After some al-
gebra, the leading order impurity spin dynamic spectral
function is obtained
Imχzzd (ω, T )
= −Γ
4
[
1
ω2 + Γ2
+
1
ω2 + 4Γ2
]
tanh
(
ω
2kBT
)
, (10)
and the corresponding real part is thus estimated as
Reχzzd (ω, T ) ∝ ln(max (ω, T )/Γ). The transverse impu-
rity spin dynamic susceptibility χ−+d (ω, T ) shows a sim-
ilar behavior. Such a logarithmic divergence of the im-
purity spin susceptibility is reminiscent of the singularity
in the overscreened two-channel single Kondo impurity
model [11]. In some sense the two-channel overscreened
and spin-1 underscreened cases are somehow “dual” to
each other: in the former case the singularity is induced
by the “extra” screening channel of conduction electrons,
while in the latter case it is due to the “extra spin chan-
nel” of the impurity [6].
Now we derive the scattering T-matrix of the conduc-
tion electrons. By calculating Gσ,σ′(k,k
′, iωn) through
their equations of motion, the retarded T-matrices are
derived as
Tσ,σ(ω) = V
2
[
G1(ω) +
√
2G1,0(ω) +
1
2
G0(ω)
]
,
Tσ,−σ(ω) = V
2
[√
2G1,0(ω) +
1
2
G0(ω)
]
, (11)
where the off-diagonal impurity GFs are involved. The
scattering cross sections of the conduction electrons off
the bound state are proportional to
ImTσ,σ(ω) =
−1
2πρf
[
Γ2
ω2 + Γ2
+
4Γ2
ω2 + 4Γ2
]
,
ImTσ,−σ(ω) =
−1
2πρf
[
−Γ
2
δ (ω) +
3Γ2
ω2 + 4Γ2
]
. (12)
For the non-spin-flip scatterings, two Lorentzian reso-
nances are obtained and the δ-resonance is exactly can-
celled, while the δ-resonance appears in the spin-flip scat-
tering processes where the residual magnetic moment of
the bound state has to spin-flip as well. Thus, the re-
manent moment with Z2 symmetry in the underscreened
case gives rise to a singular behavior in both local impu-
rity and conduction electrons properties.
Compared with the Bethe ansatz and NRG results [7],
our resonant level model serves as an effective model at
the singular Fermi liquid fixed point. Given the singular
impurity spin dynamic spectral function, the retarded
self-energy of conduction electrons due to exchange of
impurity spin fluctuations will lead to
Σσ(ω, T ) ∼ g2
(
ω ln
x
D
− iπ
2
x
)
, (13)
where x = max(|ω|, T ) and g is a coupling constant. This
is a kind of local marginal Fermi liquid behavior [13].
Furthermore, a logarithmic correction to the linear-in-
temperature specific heat can also be obtained within
the one-loop approximation.
D. Effects of the external magnetic field
In the presence of a magnetic field, an additional term
−hSz lifts the Ising degeneracy so the singularity at the
Fermi level is suppressed. The diagonal impurity re-
tarded GFs are given by
G1(ω) =
(ω − λ+ iΓ) (ω − λ− h+ iΓ) + Γ2/2
(ω − λ+ iΓ)
[
(ω − λ)2 + i2Γ (ω − λ)− h2
] ,
G0(ω) =
(ω − λ+ iΓ)2 − h2
(ω − λ+ iΓ)
[
(ω − λ)2 + i2Γ (ω − λ)− h2
] ,
G−1(ω) =
(ω − λ+ iΓ) (ω − λ+ h+ iΓ) + Γ2/2
(ω − λ+ iΓ)
[
(ω − λ)2 + i2Γ (ω − λ)− h2
] .
4If the magnetic field is weak, i.e., h ≪ Γ, the impurity
spectral function exhibits three Lorentzian resonances at
the same energy ω = λ, with different half widths Γ, and(
Γ±√Γ2 − h2), while the δ-resonance disappears. At
T = 0, λ ≈ 0, and the impurity spin susceptibility is
derived as
χd ≈
1
πΓ
[
ln
(
2Γ
h
)
− 2
]
, (14)
which displays a logarithmic dependence on h, indicating
a local quantum critical point at T = 0 and h = 0. When
the magnetic field is strong enough, i.e., h > Γ, the impu-
rity spectral function shows three separated Lorentzian
resonances at ω = λ and ω = λ ± √h2 − Γ2, with the
same half width Γ. For h = Γ, three Lorentzian reso-
nances with a half width Γ reconcile again at ω = λ.
III. EFFECTIVE MODEL FOR SPIN-1/2 TWO
KONDO IMPURITY MODEL
The above described singular behavior in the under-
screened spin-1 Kondo impurity model only arises when
S > 1/2, while the real Kondo lattice systems usually
involve spin-1/2 magnetic impurities. However, it is also
possible for the underscreening to be an intrinsic fea-
ture around the quantum critical point [3]. The simplest
model for such a study is a spin-1/2 two magnetic Kondo
impurity model [14, 15],
H =
∑
k,σ
ǫkC
†
k,σCk,σ+J [S1 · s(r1) + S2 · s(r2)]+IS1 ·S2,
(15)
where S1 and S2 are localized spin-1/2 moments set at
r1 = R/2 and r2 = −R/2, respectively, the Kondo cou-
pling is antiferromagnetic J > 0, and a direct inter-
impurity interaction I is included. When the inter-
impurity antiferromagnetic coupling I/Tk is very large
(Tk is the single impurity Kondo temperature), two spin-
1/2 impurities lock into a singlet state, and there is no
Kondo effect and the conduction electrons are completely
unaffected by the impurities. Conversely, for a large and
ferromagnetic coupling I/Tk, the two impurities become
an effective S = 1 magnetic impurity, and a fully screened
Kondo behavior occurs at low temperatures due to the
presence of the two conduction electron channels. How-
ever, the most intriguing behavior, as shown by the nu-
merical RG studies,[14] appears in-between these two sta-
ble limiting phases, at a plausible quantum critical point.
Namely, the impurity singlet and triplet states become
degenerate at a critical value of the inter-impurity cou-
pling Ic ∼ 2.2TK, displaying a local quantum critical
behavior with partially screened moment.
A. Coupled representation for the spin-1/2
impurities
Using the SU(2) pseudo-fermion representation for the
spin-1/2 impurities, the Kondo spin exchange interac-
tions are written in the Coqblin-Schrieffer form,
H =
∑
k,σ
ǫkC
†
k,σCk,σ +
I
2
∑
σ,σ′
d†1,σd1,σ′d
†
2,σ′d2,σ
−J
2
∑
σ,σ′
(
d†1,σd1,σ′Cr1,σC
†
r1,σ′
+ d†2,σd2,σ′Cr2,σC
†
r2,σ′
)
,
where the potential scattering terms have been ne-
glected. Moreover, two constraints
∑
σ d
†
1,σd1,σ = 1 and∑
σ d
†
2,σd2,σ = 1 have to be imposed. In general, the
two spin-1/2 operators can also be represented by four
coupled states
| ↑; ↑〉 = f †1 |0〉, | ↑; ↓〉 = f †2 |0〉,
| ↓; ↑〉 = f †3 |0〉, | ↓; ↓〉 = f †4 |0〉,
which can be described by a local four-component
fermion and the constraints are replaced by
∑
α f
†
αfα =
1. Using the projection procedure, the two impurity
Kondo model can be expressed as
H =
∑
k,σ
ǫkC
†
k,σCk,σ −
J
2
[(
f †1Cr1,↑ + f
†
3Cr1,↓
)(
C†
r1,↑
f1 + C
†
r1,↓
f3
)
+
(
f †2Cr1,↑ + f
†
4Cr1,↓
)(
C†
r1,↑
f2 + C
†
r1,↓
f4
)
+
(
f †1Cr2,↑ + f
†
2Cr2,↓
)(
C†
r2,↑
f1 + C
†
r2,↓
f2
)
+
(
f †3Cr2,↑ + f
†
4Cr2,↓
)(
C†
r2,↑
f3 + C
†
r2,↓
f4
)]
+
I
2
(
f †1f1 + f
†
4f4 + f
†
2f3 + f
†
3f2
)
, (16)
where the direct inter-impurity coupling has been transformed into a quadratic form, and can be considered exactly.
B. Effective resonant level model
In order to derive an effective model to describe the local quantum critical point, we employ a similar method as
in the functional integral approach for the spin-1/2 Kondo impurity model [10], and a saddle point solution can be
5deduced by introducing an effective hybridization amplitude:
〈f †1Cr1,↑ + f †3Cr1,↓〉 = 〈f †2Cr1,↑ + f †4Cr1,↓〉 = 〈f †1Cr2,↑ + f †2Cr2,↓〉 = 〈f †3Cr2,↑ + f †4Cr2,↓〉 = −V,
where the spin rotational symmetry and parity symmetry between the magnetic impurities (S1 ⇔ S2) have been
assumed. Using linear combinations of the impurity spin anti-parallel states, f˜2 = (f2+f3)/
√
2 and f˜3 = (f2−f3)/
√
2,
an effective resonant level model can be derived:
Heff =
∑
k,σ
ǫkC
†
k,σCk,σ +
JV√
2N
∑
k,σ
(
C†
k,σf˜2 cos
k ·R
2
+ h.c.
)
+
JV√
N
∑
k
[(
C†
k,↑f1 + C
†
k,↓f4
)
cos
k ·R
2
+ h.c.
]
− JV√
2N
∑
k,σ
(
iσC†
k,σf˜3 sin
k ·R
2
+ h.c.
)
+ (λ− I/2) f˜ †3 f˜3 + (λ+ I/2)
(
f †1f1 + f
†
4f4 + f˜
†
2 f˜2
)
+ (2JV 2 − λ), (17)
where the local constraint has been implemented by a Lagrange multiplier λ. Then the conduction electrons in three
spatial dimension can be reduced and divided into symmetric and antisymmetric channels, defined by
Ck,+,σ =
1√
N+(k)
∫
dΩk
4π
Ck,σ cos
k ·R
2
, Ck,−,σ =
i√
N−(k)
∫
dΩk
4π
Ck,σ sin
k ·R
2
, (18)
where N±(k) =
1
2
(1± sinkR/(kR)) and the effective resonant level model becomes a one-dimensional system with
two separated conduction electron channels interacting with two magnetic impurities Heff = H++H−+(2JV
2−λ),
where
H+ =
∑
k
ǫkC
†
k,+,σCk,+,σ +
JV√
N
∑
k
√
N+(k)
[(
C†k,+,↑f1 + C
†
k,+,↓f4
)
+ h.c.
]
+
JV√
2N
∑
k,σ
√
N+(k)
(
C†k,+,σ f˜2 + h.c.
)
+ (λ+ I/2)
(
f †1f1 + f
†
4f4 + f˜
†
2 f˜2
)
,
H− =
∑
k
ǫkC
†
k,−,σCk,−,σ −
JV√
2N
∑
k,σ
√
N−(k)
(
σC†k,−,σ f˜3 + h.c.
)
+ (λ− I/2) f˜ †3 f˜3. (19)
It is clearly seen that f˜ †3 |0〉 describes the impurity sin-
glet state with energy (λ− I/2), and hybridizes with the
antisymmetric channel of the conduction electrons, while
f †1 |0 >, f †4 |0 >, and f˜ †2 |0 > describe the impurity triplet
states with energy (λ+ I/2) = ǫf and couple to the sym-
metric channel of the conduction electrons. The effective
resonant level model in the symmetric channel shares a
similar form of the effective model as for the isotropic un-
derscreened spin-1 Kondo impurity model, except for the
momentum dependence of the hybridization integrals.
C. Impurity spectral function
Now the effective Hamiltonian can be diagonalized as
before, and the retarded impurity quasiparticle GFs are
obtained:
G1(ω) = G4(ω) =
1/4
ω − ǫf +
1/4
ω − ǫf − 2∆+ + 2iΓ+
+
1/2
ω − ǫf −∆+ + iΓ+ ,
G2(ω) =
1/2
ω − ǫf +
1/2
ω − ǫf − 2∆+ + 2iΓ+ ,
G3(ω) =
1
ω − ǫf + I −∆− + iΓ− , (20)
where the self-energy corrections are involved
∆±(ω) =
(JV )
2
N
∑
k
N±(k)
ω − ǫk ,
Γ± = πρ(kf )N±(kf )(JV )
2. (21)
Thus, the impurity quasiparticle spectral function is
given by the imaginary parts of the retarded GFs, i.e.
Aimp(ω) = δ (ω − ǫf ) + Γ+/π
(ω − ǫf −∆+)2 + Γ2+
+
2Γ+/π
(ω − ǫf − 2∆+)2 + 4Γ2+
+
Γ−/π
(ω − ǫf + I −∆−)2 + Γ2−
, (22)
6where four resonances appear in the impurity spectral
function, and the δ-resonance persists at the impurity
energy level ω = ǫf , leading to a singular behavior for
the low energy quasiparticles.
When the inter-impurity coupling is antiferromagnetic
I > 0, the impurity singlet state is the lowest energy
state, while for the ferromagnetic inter-impurity inter-
action I < 0, the impurity triplet state has the lowest
energy. In general, the energy levels of both the impu-
rity singlet and triplet states should be strongly renor-
malized by both the inter-impurity interaction and the
couplings with the conduction electrons. Such a renor-
malization effects on the impurity energy levels are not
fully considered in the present treatments. However, in
the symmetric channel of the effective model, we have
found a δ-resonance singularity corresponding to the par-
tially screened impurity triplet state, which is similar to
what we find in the underscreened spin-1 Kondo impurity
model. Therefore, we believe that the singular behav-
ior of the spin-1/2 two Kondo impurity model around
the nontrivial quantum critical point is closely related
to the low-energy physics of the spin-1 underscreened
Kondo model. This indicates that the peculiar behav-
ior observed in a large class of heavy fermion metals[2, 3]
might be related to the physics of underscreened Kondo
model.
IV. QUANTUM DOTS WITH EVEN NUMBER
OF ELECTRONS
To experimentally observe the singular behavior inher-
ent to the underscreened spin-1 Kondo impurity model,
the mesoscopic quantum dot systems with even number
of electrons are among the promising candidates [16, 17].
In the presence of a large Hund’s rule coupling between
two topmost dot electrons, an effective two coupled spin-
1/2 Kondo impurity model has been derived by Kikoin
and Avishai [18].
H =
∑
k,σ
ǫkC
†
k,σCk,σ + (J1S1 + J2S2) · s(0)− IS1 · S2,
(23)
where J1 and J2 are two positive antiferromagnetic
Kondo couplings, the Hund’s coupling I is ferromagnetic,
and the two magnetic moments are sitting on the same
site. Using the SU(2) pseudo-fermion representation for
the spin-1/2 operators, the Kondo spin exchanges are
written in the Coqblin-Schrieffer form,
H =
∑
k,σ
ǫkC
†
k,σCk,σ −
I
2
∑
σ,σ′
d†1,σd1,σ′d
†
2,σ′d2,σ
−1
2
∑
σ,σ′
(
J1d
†
1,σd1,σ′ + J2d
†
2,σd2,σ′
)
CσC
†
σ′ (24)
where the potential scattering terms have been neglected.
Two single occupied constraints
∑
σ d
†
1,σd1,σ = 1 and∑
σ d
†
2,σd2,σ = 1 are imposed. The two spin-1/2 opera-
tors can also be represented by four states | ↑; ↑〉 = f †1 |0〉,
| ↑; ↓〉 = f †2 |0〉, | ↓; ↑〉 = f †3 |0〉, | ↓; ↓〉 = f †4 |0〉 and the con-
straints are replaced by
∑
α f
†
αfα = 1. Then the model
can be expressed as
H =
∑
k,σ
ǫkC
†
k,σCk,σ −
J1
2
[(
f †1C↑ + f
†
3C↓
)(
C†↑f1 + C
†
↓f3
)
+
(
f †2C↑ + f
†
4C↓
)(
C†↑f2 + C
†
↓f4
)]
(25)
−J2
2
[(
f †1C↑ + f
†
2C↓
)(
C†↑f1 + C
†
↓f2
)
+
(
f †3C↑ + f
†
4C↓
)(
C†↑f3 + C
†
↓f4
)]
− I
2
(
f †1f1 + f
†
4f4 + f
†
2f3 + f
†
3f2
)
,
Actually, using an SU(4) pseudo-fermion representation,
both spin-1/2 operators S1 and S2 are expressed jointly
[19], and the same form of the model Hamiltonian can be
obtained.
A. Effective model Hamiltonian
Implementing the constraint by a Lagrangian multi-
plier λ and introducing two effective hybridization vari-
ables: 〈f †1C↑ + f †3C↓〉 = 〈f †2C↑ + f †4C↓〉 = −v1 and
〈f †1C↑ + f †2C↓〉 = 〈f †3C↑ + f †4C↓〉 = −v2, the strong
coupling MF approximation can be carried out as be-
fore. With linear combinations of the impurity spin anti-
parallel states, f˜2 = (f2+f3)/
√
2 and f˜3 = (f2−f3)/
√
2,
a modified effective resonant level model can be derived:
7Heff =
∑
k,σ
ǫkC
†
k,σCk,σ +
V√
2N
∑
k,σ
(
C†
k,σ f˜2 + h.c.
)
+
V√
N
∑
k
(
C†
k,↑f1 + C
†
k,↓f4 + h.c.
)
+
V r√
2N
∑
k,σ
(
σC†
k,σf˜3 + h.c.
)
+ (ǫf + I) f˜
†
3 f˜3 + ǫf
(
f †1f1 + f
†
4f4 + f˜
†
2 f˜2
)
+ (J1v
2
1 + J2v
2
2 − λ), (26)
where V = (J1v1 + J2v2)/2, r = (J1v1 − J2v2)/(J1v1 +
J2v2), ǫf = λ − I/2, and only one conduction electron
channel effectively couples to the dot electrons. It is
clearly seen that f˜ †3 |0〉 describes the impurity singlet state
with energy (ǫf + I), and hybridizes with the spin-up and
-down conduction electrons, while the impurity triplet
state with energy ǫf couples to the conduction electrons
as discussed above. Since the inter-impurity ferromag-
netic coupling I is large enough, the impurity singlet en-
ergy level lies far above ǫf while the triplet state lies at ǫf .
The effective resonant level model in the limit of J1 = J2
reduces to the effective model for the isotropic under-
screened spin-1 Kondo impurity model in the strong cou-
pling limit, where the impurity singlet state completely
decouples from the conduction electrons.
B. Dot electron spectral function and spin
susceptibilities
Now the effective Hamiltonian is diagonalized, and the
dot electron spectral function is thus given by
Adot(ω) = δ (ω − ǫf ) + 1
π
2Γ
(ω − ǫf )2 + 4Γ2
+
1
π
Γ
[
(1 + r2) (ω − ǫf )2 − 2I (ω − ǫf ) + I2
]
(ω − ǫf )2 (ω − ǫf − I)2 + Γ2 [(1 + r2) (ω − ǫf )− I]2
, (27)
where four resonances appear in the dot spectral func-
tion, and the δ-resonance persists at ω = ǫf , leading to a
singular behavior for the dot electrons the same way as in
the underscreened spin-1 Kondo impurity model. Since
the uniform spin and staggered spin density operators are
expressed as
(Sz1 + S
z
2 ) = f
†
1f1 − f †4f4,
(Sz1 − Sz2 ) = f˜ †2 f˜3 + f˜ †3 f˜2, (28)
the corresponding spin susceptibilities can be eval-
uated and found: Imχuimp(ω, T ), Imχ
s
imp(ω, T ) ∝
tanh (ω/(2kBT )), from which the corresponding real
part dynamic susceptibilities display a logarithmic de-
pendence on max(ω, T ) as for the spin-1 underscreened
Kondo impurity model. We can also show that the sin-
gularity of the δ-resonance is only associated with the
triplet state. Thus, we can interpret the large zero-bias
anomalies of the differential conductance experimentally
observed on the quantum dot with even occupied elec-
trons without a magnetic field [20] as a manifestation of
the residual Z2 Ising degeneracy of the bound state com-
posed of the triplet dot electron state with the conduction
electrons in the leads.
V. CONCLUSION
To conclude, by proposing an effective resonant level
model in the strong coupling limit for the spin-1 under-
screened Kondo impurity model, we have shown that a
local quantum critical behavior (logarithmic divergence
of the local dynamic spin susceptibility) is induced by
the formation of a bound state with a partially screened
magnetic moment. We believe this is a generic feature of
all underscreened Kondo models. The quantum nature
of the remanent magnetic moment is explicitly exhibited
through the symmetry determined degeneracy. A direct
experimental observation of this quantum critical behav-
ior might be possible in the quantum dot systems with
even occupied electrons, and its implications related to
some peculiar properties of f-electron heavy fermion sys-
tems are also indicated through the exploration of the
spin-1/2 two Kondo impurity model.
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